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How do we measure a system’s state?

* A classical particle’s state is given by its position x and momentum p

T T . .T' mFﬂq—w‘WuHHm
Cagn’
find ™y abeut Their reemEntur,
dr Keys. L
S

« But in quantum physics we have Heisenberg’'s measurement-disturbance relation:
Ax Ap = h/2

 How can we determine a quantum state?
* This question stumped many great thinkers: Wigner, Fano, Dirac,...
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Example of the Heisenberg measurement-disturbance relation

A

VOLUME 60, NUMBER 14 PHYSICAL REVIEW LETTERS 4 APRIL 1988
' How the Result of a Measurement of a Component of the Spin of a

Position

_—— ===
Momentum

——

Spin- 3 Particle Can Turn Out to be 100

Yakir Aharonov, David Z. Albert, and Lev Vaidman
P

Lens, focal length = f

* Measure x precisely and we disturb p so that Ap—
» Can not know x and p perfectly at the same time

What if we measure x gently?




Good measurements

Strong Measurement

Fuel Meter: E % %2 % F Von Neumann: Model both the measured system
“gt>l 1A and the measurement apparatus as quantum
\Pointer (P)  systems.
Hint=gPA§ e.g. The pointer needle on a fuel gauge has a
wavefunction and so does the gas tank.

Gas Tank

System+Pysiden=>.c.|a)|P.)



Good measurements

Strong Measurement

Fuel Meter: E 74 7 Von Neumann: Model both the measured system
+gtf\: ;\ and the measurement apparatus as quantum
Pointer systems.
mt‘QPA§ e.g. The pointer needle on a fuel gauge has a
: wavefunction and so does the gas tank.

Gas Tank

Systerﬁy@tmintei%ZCJaMPO
Average Val:ue of A:

<\|]|A|\|f>_ <xpomter>

Born Rule!



Weak Quantum Measurement

Strong Measurement

FuelMete: E % % % F

«gtd A o ! _
:: :. Pointer

.m—gPA §

System={%4)

Gas Tank

Average Val:ue of A:

<\|f|A|\v>—

Weak Measurement
E % %H Y F

-~ /\\

<xpomter>

System, |i) = Xcjla)
Average Val'ue of A:

<‘V|A|\|/>_ <xpomter>



Weak Measurement

Strong Measurement Weak Measurement

E \Ya % % F
Fuel Meter: E %4 %2 % F i :i | ! !

“«gte A o | M\
s 5 oo Pointer

.m—gPA § );{
: g<<1

System=]%4) In the cases where result of B is b
: Average Value of A = Weak Value:

ons
\_“'_;

Gas Tank

Average Val:ue of A:

<\|]|A|\|]>_ <xpomter> Aw <b|y>

Real part of A, is the position shlft of the pointer Ay =— () +1i 20 (p)
Imaginary part of A, is the momentum shift of the pointer gt h



The weak value and the lowering operator

Average shift of the pointer when B=Db

/\
2 1 —
== ( ~ <p>Pointer)

Ay 20 (XYpointer T 17

h

gt ?
Lundeen & Resch, Phys.
Lett. A 334 (2005) 337-344

Harmonic oscillator lowering operator
= () +i7(p)
a 20 h p

The weak value is proportional to the lowering operater a:

20
AW:_

p <a>Pointer

 Mystery: why is the lowering operator appearing?
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Example: Gently measure X so that you don’t disturb P

« What if we do a weak measurement of X, and then make a strong
measurement of P?

l.e. A = |x){(x|=mr, Initial state= |y), Strong measurement result P=p

Average shiftof 5 =<b|A|\|f> R
the pointer: W™ <b|y> M TS
.= PPXy)
Ply)
1/N27 - (xly) B

And if p=0, T =

\W%

\Prob(p=0) ~ kv

* The average shift of the pointer (i.e. rotation of the polarization) is
proportional to the wavefunction,

Lundeen Nature, 474, 188 (2011)
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Direct Measurement of the Wavefunction

* Weakly measure |x){(x| = i7,, then strongly measure p | o
. , B S mbalance in circular
Keep only the photons found with p=0 (post-selection!) polarizations
A oa ) - () =(S)) = Im¥(x)
H int — 9 S y Ty (\j Spin Lowering Operator
Sy =S, —iS,

A3 Bow="Tget)

Lundeen & Resch, Phys.
Lett. A 334 (2005) 337-344

f f P [LHC\ "
] 2(S))
:
|
|
|

Rotation of linear
polarization

(\-/') =(S) = Re¥©)

Lens, focal length=f Pinhole

* The average result of the weak measurement is the real and
imaginary components of the wavefunction




Direct Measurement of the Wavefunction
« Demonstrate method with W(x) of photons exiting a single-mode fibre

(«) - ()= Im¥©x)

A D .INI) (N -/") = Re¥(x)
b .Ph. % 3/2 § Tgom
e ¢ _n/4 2 % 0.06

o 0O
S\

Probability amplitude,¥(x) (mm~1/2)
S
22 4
de
o o
o o
SRR

> U,

S

N

.
Probabilit

o

—

20 10 0 10 20
Position, x (mm)

20 .10 0 10 20
Position, x (mm)

Lundeen Nature, 474, 188 (2011)

* The two signals directly give Im|y] and Re|vy].

* Direct measurement accurately shows phase and magnitude of y(x)




Weak Measurement

Strong Measurement

FuelMeter: E % % % F

«gtd A e

:: 5 :. Pointer

mt‘g PA §

System—il%

Gas Tank

Average Value of A:

(wIAN)

Weak Measurement
E % % % F

1S

Buo

-

}

In the cases where result of Bis b
Average Value of A:

_<bJAy>
A= <b|y>




Weak Measurement

Weak Measurement
E % % % F

t:"..j

In the cases where result of Bis b
Average Value of A:

_<bJAy>
A= <b|y>

uoJ)
\_'_S;




Weak Measurement without post-selection

Weak measurement W of A, Weak Measurement W of A
post-selecting on b and strong S of B

E % % % F E %% % F

; j

In the cases where result of Bis b
Average Value of A:

A= AL (AwBs) = (Y|ABIY) = Tr[ABp]
W™ <b|y>

uoJS
uoJS

Average Value of AB = Weak Average:

« A weak-strong measurement of AB is just the regular quantum expectation value.
« |f AB don’t commute, (4,,Bs) = Tr|ABp| can be complex
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Weak average and the lowering operator

The weak average is (4,,Bs) = (W|AB|Y) = (AB)

The weak average is found by

(AWBS> — E (aPointe‘r BSystem)

Pointer+system

Re(Ay Bs) « (xPointer BSystem)

Im<AWBS> X (pPointer

Pointer+system

B
System/pointer+system

 The weak average is a correlation between the pointer and system
Z
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Aside: The weak value and weak average obey Baye’s law

If A and B are projectors m,—, and mz_, then the expectation values are
probabilities.

Prob(b) = (m,) so.... Prob(a,b) = (m, m;), the weak average

’ - Prob(a,b) _ (Ylngmplyh) _ (blmg|yh)
So by Baye’s law: Prob(al|b) = I::ob?b) = mn:ﬁplf — (IZw;P

Steinberg, A. M., Phys. Rev. A 52, 32 (1995).
H. F. Hofmann, New Journal of Physics, 14, 043031 (2012).

. the weak value.

If the weak average (m,m,)y, = Prob(a,b)
then the weak value (m, )y, , = Prob(al|b)

 The weak value + weak average obey Baye’s law despite being complex quantities.
« The strange formula for the weak value < conditional probability.




Université d’'Ottawa | University of Ottawa

No post-selection: Joint measurement of X and every P

Weak Strong
measurement of measurement of p
|x)(x (all values)
X f f P Lundeen PRL 108,
! ! 070402 (2012),
I I Bamber PRL 112,
! op)| I'E @ F 070405 (2014)
| I | Q =
I | a O .
R OB 1 o0 Salvail et al. Nature
\ = > Photonics (2013)
d® =
= Q
o<
half-waveplate
0=20°

_ /S
Lens, focal length=t Polarizer + 3/4 = 45° ,-45° , RHS, LHS
*Joint measurement of ,, = |x)(x| and m,, = |p)(p| gives the Kirkwood-Dirac Distribution:

KD(x,p) = (m,m,) = Tr[m, m, ]
0
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Kirkwood-Dirac Distribution,KD(x,p) = Tr[r, m, p]

real Dirac stat Oct 3 2012 70
70 - -

o 80 Fourier
) A~
= 5 Transform
S =
n = & S
.9 40 .4‘:) 40+
e o & p—ox D %
= v 8 30 8—4 0r
(2 o¥ A
B ><“ 20 > 20+
10
0 0
0 200 400 600 800 1000 1200 1400
p, momentum
70 real Dirac dithered 70
Fourier o
9 Transform =
8 s 8 S
N = . = 5 =9
O =] (@) & o
Q o, Q:
é ><“ > 20l
B 10|}
0 200 400 600 800 1000 1200 1400 OU

p, momentum

Density Matrix p(x, x")

real DM stat Oct 3 2012

3

=

10+

10 20 5 30 .40 5
X', position

real DM dithed Oct 2 2012

10 20

, X . 40
X', position

50 80 70

» Simple generalization allows us to completely measure mixed states

y

0 60 70

Direct measurement of the Kirkwood - Dirac Distribution

Lundeen PRL 108,
070402 (2012),
Bamber PRL 112,
070405 (2014),
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Direct Measurement of an Entangled Quantum State

week ending

PRL 102, 020404 (2009) PHYSICAL REVIEW LETTERS 16 JANUARY 2009

Experimental Joint Weak Measurement on a Photon Pair as a Probe of Hardy’s Paradox

J.S. Lundeen and A. M. Steinberg
HARDY'S PARADOX

The positron and electron go down both arms of each of their interferometers. If they meet in the overlapping arms, they should
annihilate each other. But, bizarrely, they are still registered as arriving at the D detectors

Positron "disturbed"

Electron "disturbed" Electron "clear"
path detector path detector

-

\BEAM SPUITTER

POSITRON|N/
Theoretical Quantum State:

w=1 [0y +1 [OI) -1 |0O) +0 |

\ ELECTRON IN
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wo-Particle Weak Measurements
=1 1|I0) +1 |0) -1 |OO) +0 |[II)

Problem: To directly measure this we need to measure two-particle observables c, D, D c
e.g., [IOX10] = AyA, =[IX]; [0)(Ol,

For two-particle weak measurements we need a strong optical nonlinearity to
implement a Von Neuman measurement interaction (H,,=gPA,A,).

nt

Solution: Conduct two single-particle weak measurements and study pointer correlations.

Hi, = gglyAl + g§2yA2

Two-particle strong measurement with Two-particle weak measurement with
spin pointers: spin pointers and post-selection

Spin Lowering Operators

s a e
(A A )= (S1x82x) #(A A ) =(S1sz)fi
1732 (gthS)2 1722 /W (gths)Z
Lundeen & Resch, Phys. Lett. A 334 (2005) 337-344
Resch & Steinberg, PRL 92,130402 (2004)
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irectly Measuring Entangled States

 Weakly measure where the particle pair is in Hardy’'s Paradox, i.e., in the =~
photon pairs that exit a the Dark (D) detectors (post-selection on cor

Direct measurement of the Quantum State- o

W) = (T0)w 10) + <7t01>W|OI>+ y?@}

Theoretical Quantum St~ o

. ‘N
wer Qe \)‘
wW=1 [0 7 o an T |II>
\)99‘ §K€ -\”{\" oot
2 & et O
. gé\"p ‘)'\(2: o *{2\\"0\\ \(\i\““

Experimentally \ (e
v) =0.663 IC LT 20.758 |00) +0.24311)

W

- Direct measurer. ... of the wavefunction works for inherently et €
quantum SyStemS (|e entangled particles)_ PRL 102, 020404 (2000) PHYSICAL REVIEW LETTERS 16 TS

Experimental Joint Weak Measurement on a Photon Pair as a Probe of Hardy’s Paradox

J.S. Lundeen and A. M. Steinberg

_
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Directly Measuring the Density Matrix

« Jointly weakly measure X then P then X again

Theory: Lundeen & Bamber
PRL 108, 070402 (2012).

pin ‘

Average result is Tr[n, n m,. p;,] = p;r(X,X)
How can we measure this?

Step 1: H,,, = gP;m,_ using pointer 1

Step 2: H,,, = gP,m, using pointer 2

Step 3: strongly measure ..

Step 4. (alaznx’>system+pointer X T’I‘[T[x T[p T[x’pin]

* We can know any chosen element p, (x,x’) of the density matrix e.g. a particular
coherence, entanglement witnesses, etc.
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Direct Measurement of the Density Matrix

Thekkadath PRL 117, 120401 (2016) IR>

We measured the density matrix of a polarized photon
Testing states along path 3 in the Poincaré sphere

50 100
Input State ¢ (deg)

M |

0 50 100
Input State ¢ (deg)

 The measured and expected purities match
* The trace distance between the expected and measured density matrices is less than 0.05




Université d’'Ottawa | University of Ottawa

Even more direct?

System

System

Measurement
Interaction, U

Identical
Ensemble

Method

Measurement

Post-

selection

Readout

Ay

) @
Q0

@@ (%)

Y

—_—

) (£

_—

n\ﬁ_/

Standard direct
measurement

VvV VvV

S

7

S

(),

B

)
(4)

* We switch back and forth between measuring Im[y(x)] and Re[y(x)]
Can we measure both in each trial?
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Even more direct: Simultaneous readout

Solution: Weak measurements do not disturb each other
~. Weakly measure twice in row, once for Im[y(x)] and once Re[y(x)]
Need two readouts (i.e. ‘pointers’) or a two-dimensional readout.

System
Identical
Ensemble

@) @
Q0

System
Measurement

) Measurement
Interaction, U

Readout selection

@)——Re(4),,
)——1m(4),,
> [

Simultaneouss
Im[y(x)] and Re[y(x)] Method

PHYSICAL REVIEW A 100, 032119 (2019)

Experimental simultaneous readout of the real and imaginary parts of the weak value

A. Hariri, D. Curic, L. Giner, and J. S. Lundeen®”*

HARIRI. CURIC, GINER, AND LUNDEEN PHYSICAL REVIEW A 100, 032119 (2019)

State  Measurement

Beam preparation, |Interaction  Post- 4f imaging Cylindrical Image
expander  |¥(0))s U Selection system lens sensor
0 45° ﬁn frr
B h—=—{
= 1 o
HeNe @ % < & i Eg i S f
Laser ) = Image f(x.y)
Reference 3 y
Frame @ . y '=bp,
| 5 5,5 p(6-67.5°))=1D), -
) ° X —
i 3 V(O=22.5)=14), —

FIG. 2. Experimental setup for simultaneous readout of the real and imaginary parts of the weak value. This setup implements method C in



Université d’'Ottawa

Joint Measurement

| University of Ottawa

Better Joint Measurements of AB

Needed one readout system (‘pointer’) per observable
Here, only need a single readout system for multiple projectors, |a){a|, |b){b|
But, need to measure more readout system observables

Method

Single Pointer

System
Identical
Ensemble

@) @
Q0

Measurement

-~

Interaction, U

Weak

System

Measurement Post-

Readout

'R
\Y
CACAS,

selection

—(4B),,

> D

( kua n‘tum PAPERS PERSPECTIV
peepnmmieraeminsies Quantum 5, 599 (2021).

Theory and experiment for resource-efficient joint
weak-measurement

Aldo C. Martinez-Becerril!, Gabriel Bussiéres', Davor Curic?, Lambert
Giner'3, Raphael A. Abrahao'#, and Jeff S. Lundeen#
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Simultaneouss

Im[y(x)] and Re[p(x)] Method

Even more direct: Simultaneous readout

 Want simple (i.e. ‘direct’) readout of a single pointer system
e Solution: Measure B scaled by the outcome of the measurement of A
e Condition the strength of the measurement of B on the outcome of A.

System Measurement Weak System
Identical ~ - Measurement Post-

Ensemble Interaction, U Readout selection

D@ e Jell=> [@D——re(4B),,
@) @) ——)— > [ioD

Theory: Lundeen, Bamber, PRL 108, 070402 (2012)
Previous talk by Michael Well
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Conclusions VT

—1 1’2)

w2 3
v}

T
o
=
()
w
[¢)

[S)

3
-4 =
-2 &

1. Measurements of complementary variables by weak measurement give the
quantum state of a system, wave-function or Kirkwood-Dirac

-20 -10 0 10 20
Pasition, x (mm)

Probability amplitude, ¥(x) (mm
L &
22 o
@ go

2. Generalization of two-particle correlation measurements to weak von-
Neumann interactions allows us to measure entangled states

3. Generalization of three-time correlation measurements to weak von Neumann
interactions allows us to measure the density matrix

pin Tx2
[x )%y [x%2) (x|

Wavefunction: Lundeen Nature, 474, 188 (2011)
Mixed States: Lundeen PRL 108, 070402 (2012), Bamber PRL 112, 070405

(2014),Thekkadath PRL 117, 120401 (2016), Thekkadath PRL 119, 050405 (2017)
Heisenberg: Thekkadath NJP 20, 113034 (2018) |

Canada Excellence S, 0 2
, $ ~ CANADA | APOGEE Research de recherche
‘ EE SSSSS Z,Chalr = * : FIRST CANADA Nssnc Chairs du Canada INN VAI ION.‘ A
alires excellence RESEARCH FONDS
errecherehe du Canada FoND 0% | ENREcHERGHE CRSNG C d... CANADA FOUNDATION | FONDATION CANADIENNE
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Uncertainty and Weak Measurement A
« The weak measurement POVM II is a projector, |7(q)). /\

» Superposition of sharp states in x and p

Measured pointer Weak measurement ~ Strong
position, g of |x"){x']| mea§ure’ment
of [p"Np’|

(q)) = |x') + P(q)e™?" |p')

Predictability P(q) is our ability to predict whether the particle had x’ given
outcome g.

* In the double-slit experiment, predictability P and visibility V obey an
uncertainty relation:

P24V <1

 Weak measurement trades away predictability to reduce disturbance to the

quantum coherence (i.e. visibility) GS Thekkadath, F Hufnagel, JS Lundeen,
New J Phys 20, 113034 (2018)
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Compatibility with the Heisenberg Uncertainty Relation

« Weak measurements reduce disturbance at the expense of certainty.
* Do they trade precision in Ap for imprecision in Ax?
 What does the POVM II of the measurement look like in phase-space?

GS Thekkadath, F
Hufnagel, JS Lundeen, New
J Phys 20, 113034 (2018)

osition
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