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Non-Classical Kirkwood-Dirac Coherence

Kirkwood-Dirac Quasiprobability
Prip(a, blo) := Tr(1I,I1,0)

Budiyono et al., “Coherence from Kirkwood—Dirac nonclassicality,” J. Phys. A 57, 255301 (2024).



Non-Classical Kirkwood-Dirac Coherence

Kirkwood-Dirac Quasiprobability
Prip(a, blo) := Tr(1I,I1,0)

Non-Commutativity Quantumness Coherence

Budiyono et al., “Coherence from Kirkwood—Dirac nonclassicality,” J. Phys. A 57, 255301 (2024).



Non-Classical Kirkwood-Dirac Coherence

Kirkwood-Dirac Quasiprobability
Prkp(a, blo) := Tr(I1,11,0)

Non-Commutativity Quantumness Coherence
O (pAll)) ==  sup Z |Prkp(a, blo)| — 1
{[b)}€Bo(H

Budiyono et al., “Coherence from Kirkwood—Dirac nonclassicality,” J. Phys. A 57, 255301 (2024).



Dephased Bures Predictability

P(p,{Illa}):= DJZB (Aa(p)[|Aa(pmp))

T Maximally
2 unpredictable
1 1 state

Bures Distance

D¥(pllo) =2 (1 - VF(p,0)),

Bloch Sphere

Fuchs & van de Graaf, “Cryptographic distinguishability measures for quantum states,” IEEE Trans. Inf. Theory 45(4), 1216-1227 (1999).



Dephased Bures Predictability
P(p,{Il.}) ::DJZB(A(L(P) |Aa(pmp))

T Maximally
2 unpredictable
N state

() Bures Distance
L2 D3(pllo) =2 (1= VF(p,0)),
< Balpm)

\/ N For Pure States
vN("l(IQM {IL,}) 5 P(ly),{I1,})

Bloch Sphere nlax|¢> CNpl(ll,b> {Ha}) N maxw,) P(W)) ’ {Ha}) .

Fuchs & van de Graaf, “Cryptographic distinguishability measures for quantum states,” IEEE Trans. Inf. Theory 45(4), 1216-1227 (1999).



Convex Roof Constructed Coherence

Fidelity by Uhlmann

F(l), p) = \/<z)\/)‘z)> > F(p,o)= tr\//)‘/znpl/z
Coherence

/ Pure States

(/ ) H lllf pz YN(Y ?/)L ) a
(P 1L }) = {pz,m)}z () Tla)

Uhlmann, “Roofs and convexity,” Entropy 12, 1799-1832 (2010).



Wave-Particle Duality Relation (Quantum Duality)

C’(p, {Ha}) P{p, {Ha})
T [T T T [ e

Greenberger & Yasin, “Simultaneous wave & particle knowledge,” Phys. Lett. A 128, 391-394 (1988).
Englert, “Fringe Visibility & Which-Way Information,” Phys. Rev. Lett. 77, 2154—-2157 (1996).



Wave-Particle Duality Relation (Quantum Duality)

C’(,O, {Ha}) iy P(p, {Ha})

o
maXp C(p, {Ha}) Illa'xp P(pﬁ {Ha}) B

Coherence = Quantumness (Superposition)

Predictability = Particleness (Classical Determinism)

Greenberger & Yasin, “Simultaneous wave & particle knowledge,” Phys. Lett. A 128, 391-394 (1988).
Englert, “Fringe Visibility & Which-Way Information,” Phys. Rev. Lett. 77, 2154—-2157 (1996).



Interpretation as Unpredictability

Alice |Z> Bob
p=3ili) (il (I}

P(|¢:) ,{ILa})

C(p,{Ilq}) =1— sup Pi
L {pi,wi)}z 0 B s
\The maximum

Average
average Predictability of
predictability Bob’s

Coherence = Irreducible Unpredictability Measurement



Triality Equation from Entropy Production

Upper Bound for Entropy Production
S1/2(1/d)
Vd

2172 <

Triad Equality

Dephased Bures (Tsallis-2) Relative Tsallis-% Entropy
Predictability Entropy of
Coherence

Xue et al., “Genuine quantum effects in nonequilibrium EP,” Phys. Rev. A 110, 042204 (2024).
Zhao & Yu, “Coherence measure via Tsallis relative a-entropy,” Sci. Rep. 8, 299 (2018).
Qian et al., “Turning off quantum duality,” Phys. Rev. Research 2, 012016 (2020).
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Appendices



Interpretation as Unpredictability

[choice
( 5 (1) Decompose f—
{p'i: .l/)z>}
(2) [choice
S Vl 2 (3) Send |v;) (4)  (Bob: pick POVM
ik (+ ensemble form) I}
1)
C(p, {Ha}) =1— sup Z Pi P(W)L> : {Ha}) Average ) Predictability
ik} 7 maxpy) P([9), {Ila}) | ZaPl) | P(j¢s), {I1a})
Y
Coherence = Irreducible Unpredictability Outer opt )
SUD{pi,|4:)}

RIS B /
optimize



Predictability and Particle
Definiteness as Resources



Coherence

Practical definition:

For a quantum state p, the coherence C(p, X) is any functional of the
quantum state p which quantifies how coherent (how strong is the
superposition of) the quantum state p is with respect to an incoherent basis
X.

050 0 0 0 i 1 1 4
_(0 0.30 0 0\ _1(1111\
Pincoh = g 0 015 0 poareh =g 1 4 4 d
\0 0 0 005 \1 1 1 1)

C=0 C=1



Predictability

Practical definition:

For a quantum state p written in the X basis, the predictability P(p, X) is any
functional of the diagonal probabilities with respect to X which quantifies how
certain the measurement is.

1 0 0 0) (1 0 0 0)

Pl 1l B 0 10 0 0 O

Puniform — Z g @ 1 9 P single — O 0 0 O
g 0 0 0 0 0)

1) \O

P=0 P =1



Non Classical Kirkwood Dirac Coherence

NCI(Qj {H }) sup NC]({PTKD(aab|9)}>
{IbY}eBo(H)

(b|I1,0|b) | — 1,
i 25| e

NCI({Prxp(a,blo)}) = Z|PrKD(a,b|g)\ —dl

a,b

For Pure States  C ([¥), {Ila}) = —1 +Z\/| aly) |?

[1] Agung Budiyono, Joel F Sumbowo, Mohammad K Agusta, and Bagus E B Nurhan-
doko. Quantum coherence from kirkwood—dirac nonclassicality, some bounds, and
operational interpretation. Journal of Physics A: Mathematical and Theoretical,
57(25):255301, jun 2024.



Bures Predictability

The two are related

Cp (). {a}) . P(¥).{Il.})

maxiy CNG(1Y), {TL})  maxyyy P(19), {Tla})




Geometric
Predictability (from
Bures Distance)

T T

Forming Quantum
Coherence through
Convex Roof

Relation with Tsallis
Entropy Production

Construction '
Wave-Particle Wave-Particle
Duality Duality (Inequality)
(Inequality) and Triality

(Equality)

Geometric Particle
Definiteness (from
Trace Distance)

Connection with
Particle Interference

Wave-Particle
Duality (Equality)



Geometric Coherence

Coherences that are defined using Fidelity.

Cy(p) = 1 —max F(p, o),

/Y — 1 — C F %
9(p) max (p,0)



Convex Roof Construction of a Coherence from the
Geometric Predictability

Non-Classical Kirkwood-Dirac Coherence

NCI (b 0lb) | — 1,
S(e{a}) = (0, 2| Ol
B
Expression for Pure States / plrggfctabmty

Crp (W) AL} DE(Aa([¥)Aa(|¢me)))

maxj,) CHEH () s{1L.}) B maxj,) DE(Ac([Y) 1 Aa(|¥me)))



Convex Roof Construction and Wave-Particle Duality
Relation

Convex Roof Construction

Cl(p, {11 inf Cp (“l hiY , {11, }).
(p, {I1.}) = {pzm)}zp (Ii) , {Ta})

Duality

C(p, {Ha}) P(p, {Ha,})
max, C(p, {IL}) | max, P(p, {IL.}) ~



Quantum Guessing Game with Classical Information

C(p,{Ila}) =1— sup

{pi.lvi)}

\ The maximum Average
average Predictability of
Qredlctablllty Bob’s

Measurement

Coherence quantifies the classically-irreducible unpredictability




Entropy Production

Y = Z(:la.s'.s"ica,l + 2qua'ntum-

H(p”f)eq) = H(Aqu(p) ”/’cq) + Cret(p; {Ha})~
l : l

Relative Bures Relative
Entropy Predictability Entropy of
Coherence

Q.-F. Xue et al., Evidence of genuine quantum effects in nonequilibrium entropy production
via quantum photonics, Phys. Rev. A 110 (2024) 4, 042204,
doi:10.1103/PhysRevA.110.042204, 110(4), 042204.



Y2-Tsallis Entropy Production

Upper Thermodynamic Bound
(Maximum Entropy Production)

S1/2(1/d)
VR

2172 <

Duality
15(/7’ {Ha}) g C~'(p, {Ha}) = I

Triality (By setting the thermal eq state as the identity )
P(p, {Tla}) + C(p, {Tla}) + S1/2(p) = 1,



Particle-Definiteness - Quantum Shell Game

Dichotomic Yes/No Measurement

0, = Il oll, + (I —II,)o(I — I1,).

Trace

/ Distance
Particle Definiteness

Z ”Q_ Qa“l
ED 2 Ha =1- - 9
(@ 11a}) MaX,eD(H) D q 10 — Qally




Complementarity Relations

PD(g; {Il.}) + PI(g; {|a}}) = 1.

where

CREe(0;{la)})

PI(o; {|a)}) =

maX,enx) Crp(0; {|a)})



Physical Significance of Wave-Particle Relation

- Express Bohr’'s complementarity principle of wave and particle quantitatively
through geometric measures.

- Turn off the duality by adding a third term (entropy) and turning the
complementary relation into an equality which corresponds to recent results

(adding entanglement).
- Relate two or more quantum resources and express their trade-off equations.



Y2-Tsallis Entropy Production

V2-Tsallis Entropy
Siy2(p) =2(1 = Tr/p),

Upper Thermodynamic Bound
(Maximum Entropy Production)

S1/2(1/d)
Y IR

212 <

S1/2(1/d)
YR

HI/Z(A(p)III/d) T CTcl,l/Z(pv {Ha}) <



Wave-Particle Triality Relation

Relation between V%-Tsallis Relative Entropy to
Normalised Bures Predictability

o (A1)

Duality
15(/7’ {Ha}) g C~'(p, {Ha}) = I

Triality (By setting the thermal eq state as the identity )
P(p, {Tla}) + C(p, {Tla}) + S1/2(p) = 1,



Particle Interference - Coherence

Non-real Kirkwood Dirac Coherence

Cioloi{TL}] = Ig,,aXZZ—\ (bl

Cxp°(0; {|a)})

a’

PI(o; {|a)}) =

max,ep(x) Crpe(0; {|a)})

Cp'(e: {la)})
d—1




