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Quantum dynamics

Schrödinger equation, state ψptq P H “ L2pRdq

i h̄Btψptq “ Hptqψptq, ψp0q “ ψ0

Heisenberg equation, observable Aptq P LpH q

i h̄BtAptq “ rAptq,Hptqs , Ap0q “ A0

Unitary propagator Upt ,sq with t ,s,P R

ψptq “ Upt ,0qψ0, Aptq “ Upt ,0q
˚A0Upt ,0q
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Classical dynamics

Hamiltonian equation, state zptq P R2d

9zptq “ J∇zhpt ,zptqq, zp0q “ z0

Liouville equation, observable aptq P CpR2dq

iBtaptq “ taptq,hptqu , ap0q “ a0

Flow map Φt ,s with t ,s,P R
zptq “ Φt ,0z0, aptq “ a0 ˝Φt ,0
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Egorov’s theorem (1969)

Robert, Combescure (2nd edition, 2021)1

Theorem: Assume that Hptq “ opphptqq and A0 “ oppa0q in Weyl quantization. Then,

Aptq “ oppa0 ˝Φt ,0q `
ř

jě2 h̄jAjptq,

where Ajptq, j ě 2 depends on Bα
z hptq with |α | ě 2.

▷ Exact, if z ÞÑ hpt ,zq is a polynomial of degree ď 2.

1detailed proof in Burkhard, Dörich, Hochbruck, Lasser (2024) Ñ 2nd order observable accuracy for variational Gaussians
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Truncated Wigner approximation

The Wigner function satisfies

xψptq,A0ψptqy “

ż

R2d
a0pzqWψptqpzqdz.

Egorov’s theorem, Aptq “ oppa0 ˝Φt ,0q `Oph̄2
q, implies

Wψptq “ Wψ0 ˝Φ0,t `Oph̄2
q

in the weak sense.

Also known as:

1. Linearized semi-classical initial value representation (Miller 1974)

2. Wigner phase space method (Heller 1976)

3. Statistical quasi-classical method (Lee, Scully 1980)

6



7



Truncated Wigner algorithm

1. Choose samples z1, . . . ,zN according to Wψ0.

2. Symplectically2 propagate z1ptq, . . . ,zNptq.

3. Sum to obtain

xψptq,A0ψptqy «

ż

R2d
a0pΦt ,0

pzqqWψ0pzqdz «

N
ÿ

n“1

a0 pznptqq .

2Lasser, Röblitz, 2010
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Position densities

|ψpt ,qq|
2

“ p2πq
´d

ż

R2d
e´iη ¨px´qq

|ψpt ,xq|
2 dpx ,ηq

“

ż

Rd
xψptq,oppbη ,qqψptqy dη

“

ż

Rd

ż

R2d
Wψptqpx ,ξ qbη ,qpxq dpx ,ξ ,ηq

«

ż

Rd

ż

R2d
Wψ0px ,ξ qpbη ,q ˝Φt ,0

qpx ,ξ q dpx ,ξ ,ηq

with bη ,qpxq “ p2πq´de´iη ¨px´qq.

▷ One additional integral is needed.
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Diatomic iodine Keller, Lasser, 2014
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Gaussians

ψpxq „ exp

ˆ

i
h̄

´

1
2px ´ q0q

JCpx ´ q0q ` pJ
0 px ´ q0q

¯

˙

with q0,p0 P Rd and C “ CJ P Cdˆd , ImC ą 0

Wψpzq „ exp

ˆ

´
1
h̄

pz ´ z0q
JGpz ´ z0q

˙

with z0 “ pq0,p0q P R2d and G “ GJ P R2dˆ2d symplectic

▷ simple Monte Carlo sampling by drawing from a normal distribution
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Hermite–Laguerre connection (d “ 1)

The k th Hermite function
ϕkpxq „

´

A:
¯k

e´1
2x2

, x P R,

generated by the raising operator

A:
“

1
?

2
pq̂ ´ i p̂q

has the Wigner function3

Wϕk pzq „ Lkp2|z|
2
qe´|z|2, z P R2.

▷ The integrals
ş

RapzqWψk pzqdz have a Gaussian weight.

3Groenewold, 1946
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Hagedorn–Laguerre connection

The k th Hagedorn function, k P Nd ,

ϕkpxq „

´

A:
¯k

ϕ0pxq, x P Rd ,

is generated by the raising operator

A:
“

i
?

2h̄
pP˚

pq̂ ´ q0q ´ Q˚
pp̂ ´ p0qq ,

where Q,P P Cdˆd satisfy a symplecticity condition. It has the Wigner function4

Wϕk px ,ξ q „ e´|z|2{h̄
d

ź

j“1

Lkj p
2
h̄ |zj |

2
q, px ,ξ q P R2d

with z “ PJpx ´ q0q ´ QJpξ ´ p0q.

4Lasser, Troppmann, 2014
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Spectrogram expansions

If ϕ,ψ P L2pRdq are normalised, then Wϕ ˚ Wψ is a probability distribution on R2d .

The Husimi function Hψ “ Wϕ0 ˚ Wψ is a probability distribution with Hψptq “ Hψ0 ˝Φ0,t `Oph̄q.

The Husimi correction H c
ψ “ Hψ ´

h̄
4∆Hψ satisfies5

1. second order Egorov theorem: H c
ψptq “ H c

ψ0
˝Φ0,t `Oph̄2

q,

2. linear combination of spectrograms: H c
ψ “

´

1 `
d
2

¯

Hψ ´
1
2

řd
j“1 Wϕj ˚ Wψ .

5Keller, Lasser, Ohsawa 2016; Keller, 2019
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Conclusion
Truncated Wigner approximation

1. is Oph̄2
q,

2. combines with Monte-Carlo quadrature and (parallel) classical trajectories.

The Hagedorn–Laguerre connection brings normal distributions.

Correcting the Husimi function by a spectrogram expansion gives an Oph̄2
q Egorov description with

positive sampling.

▷ Upcoming analysis of the discrete truncated Wigner approximation for large spin systems by Oliver
Schwarze (TUM)

Thank you
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